
N A T I O N A L  A E R O N A U T I C S  A N D  S P A C E  A D M I N I S T R A T I O N  

:A*.. 1 .  C ' )  

7echca  I '~emorandum 33-484 

Design of Subsystems in Large Structures 

T. K Caughey 

CASE F I L V  
COPY 

J E T  P R O P U L S I O N  L A B O R A T O R Y  
C A L I F O R N I A  I N S T I T U T E  O F  T E C H N O L O O Y  

P A S A D E N A ,  C A L I P O R N I ~ ;  . iJ# 

June 30,1971 



N A T I O N A L  A E R O N A U T I C S  A N D  S P A C E  A D M I N I S T R A T I O I \ . E  

Design of Subsystems in Large Structures 

T. K, Caughey 

J E T  P R O P U L S I O N  L A B O R A T O R Y  

C A L I F O R N I A  I N S T I T U T E  O F  T E C H N O L O G Y  

P A S A D E N A ,  C A L I F O R N I A  

June 30,1971 



Prepured Under Contract No. NAS 7-100 
National Aeronautics and Space Administration 



P R E F A C E  

The  w o r k  d e s c r i b e d  i n  t h i s  r e p o r t  w a s  p e r f o r m e d  by the  a u t h o r  

while  a  c o n s u l t a n t  to t he  J e t  P r o p u l s i o n  L a b o r a t o r y ,  a n d  u n d e r  the cogni- 

z a n c e  of t he  E n g i n e e r i n g  M e c h a n i c s  Div is ion  of the  J e t  P r o p u l s i o i ~  

L a b o r a t o r y .  T h e  a u t h o r  i s  P r o f e s s o r  of Appl ied  Mechan ic s  a t  the 

Ca l i fo rn i a  In s t i t u t e  of Technology.  

J P L  T e c h n i c a l  M e m o r a n d u m  33-484 iii 





CONTENTS 

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  1 

. . . . . . . . . . . . . . . . . . . . . . . . . . . .  Formulation of the P rob lem 1 

Equations of Motion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  2 

Solution Techniques . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  4 

Method 1 . (Di rec t  Solution) . . . . . . . . . . . . . . . . . . . . . . . .  4 

Method 2 . ( F i r s t  Approximate Method) . . . . . . . . . . . . . . . .  6 

Method 3 . (Second Approximate Method) . . . . . . . . . . . . . . .  1 1  

Appendix I . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  17 

Appendix I1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  21 

J P L  Technical  Memorandum 33-484 



Abstract: - A qualitative mathematical analysis i s  made of various 

approximate schemes which have been suggested in an attempt to 

short-cut the long and expensive computations which a r e  required 

in the design of sub-systems in large,  complex s t ruc tures .  

It i s  shown that the simple scheme of using the known blocked 

response of the main s t ruc ture  a s  the input to  the sub-system does 

not, in general,  lead to a convergent i terat ive process.  The theory 

of the vibration absorber  i s  used to i l lustrate  this point. 

A scheme which uses  the response of a known sys tem a s  the 

input  to  a new system, which differs  only slightly f r o m  the known 

s~rstern, is  shown to  resu l t  in a convergent iterative process .  It is  

shown that the f i r s t  i t e ra te  of this process  i s  sufficiently accurate  

f3r preliminary design purposes. 
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Design of Sub-systems in Large Structures .  

Introduction: One of the major  problems in the aerospace industry i s  the 

design of space craf t  for  specified missions,  given the s t ructure of tha 

booster and the dynamic excitation a t  various stages of the mission, This 

type of problem i s  typical of the c lass  of problems encountered in the 

design of sub-systems in  large complex systems. In such problems there 

i s  a strong interaction of the main s t ructure and an interaction, no tnnees -  

sar i ly  small ,  of the sub-sys tem back on the main s t ructure.  In the past 

the design of such sub-systems has  been tackled in a variety of ways rang- 

ing f r o m  cut and t r y  methods a l l  the way to formal  analytical methods, 

At the present  t ime the method most  commonly used i n  the aerospace 

industry i s  to  formulate a prel iminary mathematical model of the space 

craft ,  mate this to  the mathematical model of the booster and to solve 

this very  large problem for  each of the known excitations. Based on the 

resu l t s  of this analysis a modified mathematical model of the space craft 

i s  formulated and the analysis i s  repeated. This process  i s  repeated a 

number of t imes  until a satisfactory design i s  achieved. Such a method 

i s  both t ime consuming and expensive in t e r m s  of computer t ime,  The 

purpose of this report  i s  to  look into approximate methods by which. time 

and expense might be saved, a t  leas t  in the prel iminary design phases,  

Formulation of the Problem: 

Let S be a la rge  s t ruc ture  having N degrees  of freedom. 

Let S be the main s t ruc ture  having N degrees of freedom. 1 1 

Let S be the sub-structure having N2=(N-NI)  degrees of freedom 
2 

where in general  NZ<<N1 
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Let 

X 

a = {i) be the ZN state vector for  S - 

where 

X 

z1 = { f :) be the 2 N  state vector for S1 
- 1 

{%I- be the 2 N  state vector for  S2 2 =  g2J 2 

Let 

0 
f"(t) = {G,) be the ZN "force" vector - 

where L{t) i s  the N "force" vector applied to the structure. We shall 

assume that forces a r e  applied only to S therefore 
1' 

f 

f(t)  = {- ) where f (t) i s  an N vector 1 1 

Equations of Motion: The equations of motion for the complete structure 

a re 

Pn general M i s  symmetric and positive definite, however D and K, though 

symmetric, a r e  in general only non-negative definite. 

Equations (1) may be rewritten in a number of ways. We may split 

them up to reflect the structures S and S2 as  follows 
1 
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M 2 + D  f t K  x - ( K l 2 3  t D12g2) = f  ( t )  1-1 1-1 1-1 -1 
62) 

M R tD 5 + K  x - ( K 2 1 ~ 1 + D 2 1 ~ 1 ) = 0  2-2 2-2 2-2 - 

where (K12x2 - t ~ ~ ~ 3 )  and (KZIxI  t D21i%1) represent  the coupling between 

sys tems S and S2. 
1 

In t e r m s  of the s tate  vectors  z and z equations (2) may be 
-1 -2 

written 

where 

Equations (1) can a lso  be expressed  in t e r m s  of the state vector 

z for  S. - 

-- dz A z t  c( t )  
d t -  - - 

whe re  

It should be pointed out that in most  aerospace problems the 

ma t r i ces  D and K in  (1) a r e  symmetr ic  but only non-negative definite, If, 
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however, the problem i s  formulated in t e r m s  of the relative displacement 

vector 1 thus 

M Z t  - Dkt Ex= - f ( t )  

kvhe re 

y= Rx - 

i f  (1)' i s  premultiplied by RM-I then (1)' becomes 

where R M - ~ E  and RM-~E a r e  now positive definite. 

If we define a new vector - z':' by 

then (2)' can be expressed a s  

Comparison of the s t ruc ture  of equations ( 3 ) '  and (4) show that 

they a r e  essentially the same,  thus the discussion will be restr ic ted to  

the case where M, D and K a r e  symmetr ic  and positive definite. 

Solution Techniques: 

Method I. (Direct Solution) 

F r o m  equations (4) we have immediately 

L 

where eAt i s  the principal ma t r ix  solution of 
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and z(0)  i s  the initial state vector, - 

In par t icular ,  if the initial, conditions a r e  zero,  then 

The forces  in the sys tem can be expressed a s  a l inear  function of the 

velocities and displacements in the system. Thus 

f ( t )  = F z  
S - (7) 

where F i s  a P x 2N mat r ix  with P i s  the number of s t ructural  elements 

in So 

If the excitation c( t )  i s  a sample function of a stochastic process  - 

{c(t)  1 we may express  the solution in t e r m s  of the mean value vector - 

m (t) and the covariance ma t r ix  Cov (t t ) of [c ( t ) ] .  Where 
---C c 1, 2 - 

Thus 

The forces  in  the sys tem can be expressed in t e r m s  of (9). Thus 
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(10) 
cont. 

If the process of {c( t ) ]  - i s  jointly Gaussian then f (t) will also be 
-s 

Gaussian and (10)  will enable us to calculate the probability that forces in 

the system will exceed any specified value. If the process {c(t) - i s  not 

Gaussia.n, (10) will still enable us to estimate the probability of exceeding 

any specified value. 

If changes a r e  made in the sub-structure al l  the calculations 

indicated above must be repeated, this i s  both time consuming and expen- 

sive, Fo r  this reason one i s  led to attempt approximate analysis techni- 

ques which will reduce the time and expense in preliminary design phases. 

Method 2. (F i r s t  Approximate Method) 

Examination of equation (3) reveals that i f  the coupling t e r m  

B z i s  known, then equations (3) can be integrated immediately to  give 
2 1-1 

Where z (t)  i s  the response of S alone. Unfortunately, in general, the 
-1 1 

response of system S depends on the response of system S2, in fact f rom 1 

( 3  ) 

Hence 
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i s  the response of S with S2 blocked, i. e . ,  z = O  and can be calculated 1 -2 - 

with almost no knowledge of S2.  

Equation (13) i s  a l inear  integral equation of VoPterra type; KO 

solve i t  define a l inear  integral operator  L,  where 

The formal  solution of (13) is easily obtained by the method of successive 

substitutions 

where 

E; = 1 ~ ~ 2 ;  (t)  

If we allow n to tend to  infinity, the formal  solution i s  

The formal  solution i s  said t o  exist  f o s v t  if / l z l  ( t )  m v t .  The symbol 

I \z1  (t)\l is the n o r m  -- of z (t). We shall  use the following norms 
-1 

N 

\ = 7 (cpil f o r  vectors  
L L A  

i =I 

N N  

I I c I ~  =CTlc i j l  for  matr ices  
L-1 
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Hence 

I l~ ro l l  l l ~ l l s u ~ I l 9 ( t )  l l  
t  

where 

Similarly i t  can be shown that 

Hence 

0 
Thus i f  ~ u p / / z  l ( t ) / /  < m, the final solution of (13) will exist  if / / L I /  < 1. - 

Now, A and A a r e  stability ma t r i ces  (by assumption),  hence 3 1 2 

co-iistants K K2, a l ,  %t ipos i t ive  3 
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Thus a sufficient condition f o r  the  exis tence of a solution of (13) is that 

Returning to  (14) we  s e e  that  

n-t 1 

t t 

Hence 

Thus if 

n t l  

Hence 
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In prr t icular ,  i f  

Then 

Hence 

0 
Since z (t)  can be calculated f r o m  a knowledge of S with l i t t le o r  no 

-1 1 

knowledge of S since the dimension of A2 is much sma l l e r  than that of A 2 

or ,A1' this  looks like a very  attractive method to reduce the amount of 

computing necessary  fo r  prel iminary design. The difficulty i s  that the 

condition 

is a. very restr ic t ive condition which i s  unlikely to  be satisfied in a l l  but a 

2 2 
few special  cases ,  since Kl-O(N1), K230(N2)  and a l ,  a  a r e  measures  of 2 

the smallest  damping in s t ruc tures  S and S2. To i l lustrate  this difficulty, 1 

this theory has  been applied to  the vibration absorber  ( see  Appendix I) 

where it i s  shown that 
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where m / M  i s  the m a s s  rat io  and cl ,  c2 a r e  respectively the damping 

rat ios  in S and S2. Thus i t  i s  seen that even if the m a s s  ratio is small, 
1 

the e r r o r  i s  s t i l l  very  large if the product of the damping rat ios  is  of the 

same o rde r  a s  the m a s s  ratio. 

While the conditions developed above a r e  only sufficient condit$e?ns, 

the theory of the vibration absorber  shows that i f  the sufficient conditions 

a r e  violated la rge  e r r o r s  may indeed occur ( see  f o r  example Mechanical 

Vibrations by Den Hartog). 

Method 3 (Second Approximate Method) 

F r o m  the discussion of Method 2 it might appear  that there i s  little 

hope of developing an  approximate technique which i s  sufficiently accurate  

for  the purpose of prel iminary design. This i s  probably t r u e  in general, 

however a s  we shal l  now show, there  is a c l a s s  of problems for  which we 

can indeed develop a useful approximate method. 

Suppose that we have a complete design of a prototype of the wh.ole 

s t ruc ture  and wish to  investigate the effect of smal l  design changes in S 

on the s t r e s s e s  and deformations in  S2. Let  

0 0 1 B 1 
where M O  D , K ref lect  the prototype design of S2, and EM2, EK2. EDL 

2' 2 2 

reflect the smal l  design changes in S 
2' 

Fquation (4) may be wri t ten i n  the f o r m  

where A represents  the standard configuration and EB ref lects  the changes 

in  S2. 
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It should be noted in passing that - c ( t )  remains unchanged i f  the exciting 

forces a r e  applied only to the main s t ructure S If the initial conclitions 1' 

a r e  ze ro  then (22) yields the l inear  integral equation 

where - z"( t)  i s  the response of the standard configuration. Equation (24) i s  

a regular Volterra  integral equation of the second kind. 

Let us define the l inear  integral  operator  L. Where 

The solution of (24) i s  obtained by the method of successive substitutions 

z (t ) = 7 L ~ P  (t) - - 

1 n t l  o r  - z ( t )  = ) ~ ~ z O ( t ) t  L z( t )  
_-I - - I 

The solution exis ts  if  IILII< 1. 

i f  / / L / / <  1, then e r r o r  est imates  can be made of the approximate 

n 
solution - z ( t )  where 
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L 

Since A i s  a stabil i ty m a t r i x  3 constants K and a 3 

Hence 

Thus 

Thus we can see that if ( E K / a ) < l  

z (t) 'zn(t) - - 

In par t icu la r  i f  (EKIa)<<  1 
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Thus an estimate of the displacements in the modified system can be 

obtained knowing the response of the standard system and the nature of the 

design changes in  S The forces in the system can be expressed a s  linear 2 ' 

fucctions of the velocities and displacements. Thus 

f ( t )  = Fz 
S - (36  

where F i s  a P x 2N matrix, P i s  the number of s tructural  elements in S. 

Since 

0 
F = F  + EF' (3  7 

where F' reflects the standard configuration and EF' reflects the design 

changes, Thus 

Method 3 involves a great  deal more  computation than does Method 2 ,  

however, i t  has two great  advantages: 

EK 
i) The condition -<< 1 i s  much more  likely to be satisfied in practice 

a 

than the condition 

iX) F r o m  ( 3 8 )  i t  i s  seen that f ( t )  i s  a l inear function of the elements B 
-s i j  

of B, all other variables a r e  known a priori .  Thus, once the computations 

have been performed fo r  the standard configuration, the results for  any 

small design change can be obtained by simple matr ix  operations (see 

Appendix 2 ). 
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If c( t)  i s  a member function of a stochastic process we can estimate - 

the forces in the system in t e rms  of the mean value vector m (t) and the -c 

covariance matr ix Cov (t t ) of the process [c(t)  1, where ~ ( t )  and c 1' 2 - 

Covc(t12 t2)  a r e  defined in (8). 

Using equation (26)  with i=l,  we have 

t l  A(tl-') 
-10. 0 1 2  ( t y t t E { \ e  B Cov JtZ. T ) ~ T  

z z 

where 

The forces  in the system can be expressed a s  linear functions of 

the velocities and displacements in the system. Thus 

f ( t)  = FZ (t) 
-S - (45) 

0 1 Writing F = F t E F  , then 
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It will be observed that (46) and (47) involve only simple ma t r i c  operations 

on known quantities, thus if a l l  the necessary  quantities a r e  calculated f o r  

the stanclard configuration then the second o r d e r  s ta t is t ics  f o r  any small  

design change can easi ly  be determined. 
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A ~ ~ l i c a t i o n  of Method 2 to the Vibration Absorber.  

Consider the equations of motion f o r  the vibration absorber  

S -M% t B K  t K x  + k ( x  -x ) t P ( B  -5 ) = f ( t )  1  1  1 1 1 2  1 2  (1, 1) 

Introducing the dimensionless t ime 7 = w  t where 
0 

wo = J%p$- 2  K t k  2 k  
9 W 1 = M  9 w 2 = g  

Let 

Then (1)  and (2) become 

Thus 

d z .  1 

where 
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Thus 

A I T  A T To obtain e , l e t  Z - e , Z sa t i s f ies  
1 - 1  

dZ  1 -- 
d t  

- A I Z l  with Z 1 ( 0 ) = I  

Hence 

- ( m l / w o ) C 1 ~  
Z ( T )  = e 

1 

I 1 cos  €I+- 
1 s i n 8  

s i n  8 - - 
\ 

where 
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Using the express ions  f o r  xZ and x' 2 

S imi la r ly  

Using (1. 10) and (1. 11) i n  (15) with n=O 

Then 
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W c  note that  i t  i s  not enough that  

what is  requ i red  i s  that  

It is wel l  known that  if the damping i s  sma l l ,  then a s m a l l  m a s s  

ratio 1r?/lV1 can effect  a d r a s t i c  reduction of the  m a i n  s y s t e m  S par t i cu la r ly  2' 

ax "resonance"  (Ref. 1). 

Refe rence  

1, "Mechanical  Vibrations",  J. P. DenHartog,  pp. 108-127, Second 
Fdit ion,  McGraw-Hil l  Co. ,  New York, 1940. 
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Appendix 11. 

Alternate Formulat ion of Method 3. 

Instead of using the 2N space approach f o r  Method 3, the p r o b l e ; ~  

can be solved in N space if i t  i s  assumed a p r i o r i  that the standard 

configuration posses ses  c lass ica l  no rma l  modes.  Using equation (2 1 ), 

equation ( I )  may be wri t ten 

0  0  1 1 - 1  
where M', D , K ref lect  the standard configuration and €M , ED , tK 

reflect  the design changes in  the system.  Le t  

0  1 2 2  
x = x  +Ex tE x t... - -  - - 

Using s tandard perturbation techniques 

0 0  0 0  0 0  
M 2 tD 2 tK x = f ( t )  (i) - - - 

0 1  0 1  0 1  1 0  1 0  1 0  M % tD 2 tK x = - [ M i i  tD li: tK x ] (ii) - - - - - - 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

/ 

If i t  i s  assumed that  M O - ' D O  commutes  with M O - ~ K O ,  then 3 a nonsingular 

m a t r i x  T 3 

Le t  

then 

where 
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1 - wn cnt 
k ( t ) = r e  sin w t n 

Wn n 

Similar ly if we wri te  

then 

Thus 

k k  
xi(t) = Yt. - 1J - 7 2 E yj (t) 

In part icular  
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where 

1 
g j ( t ) =  - ~ t . . j ~ l f O t ~  a Jl. - t K  - 

i =l 
l o o  i 

Define 

Then 

Hence 

N N N  
1 ( j )  t dikPk (t)  t k:kyf)(t)] t o($) (2.16) 

j=1 i=1 k=l 

It i s  seen that the second t e r m  in  (2. 16) i s  a l inear function of the 

elements m 
1 1  1 
ik9 'ik7 kik which depend on the design changes, al l  other quan- 

tities a r e  already known or  can be calculated f rom the analysis of the stan- 

dard configuration. Note also that i and k range over only those indices 

1 1 f o r  which mik9 dik9 etc. , a r e  non-zero. 
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